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BOUNDARY TANGENTIAL CONVERGENCE
ON SPACES OF HOMOGENEOUS TYPE

PATRICIO CIFUENTES, JOSE R. DORRONSORO AND JUAN SUEIRO

ABSTRACT. We study tangential convergence of convolutions with approximate
identities of functions defined on a homogeneous type space and having a certain
regularity. Our results contain those already known for the Euclidean case
and give new ones for stratified nilpotent Lie groups and for solutions of the
Dirichlet problem on Lipschitz domains.

1. INTRODUCTION

Given an L? function f, it is very well known that its Poisson integral
u(y, t) = P f(y) converges nontangentially (i.e. inside cones I'(x) = {(y, ¢):
Iy — x| < (14+A)¢}) to f(x) fora.a. x € RV; it is also very well known that
convergence fails when the approach regions have a certain degree of tangen-
tiality.

However, when f has certain regularity, tangential convergence does indeed
hold. More concretely, defining

Q) ={, N: Iy —x| < (1 + 41},
Ty f (%) = sup{Ju(y, )] = [Px f(V)]: (v, 1) € Qy,a(x)},

Nagel, Rudin and Shapiro prove that for f in the space W?:4 = {J,xF: F €
L} of Bessel potentials of L? functions, 1 < p < 0o, ap < N, the inequality

ITi—ap/n aSfllp < Cllfllwo e

holds for a constant C independent of f. (See [NRS]; there is also an anal-
ogous result when ap = N.) Their argument relies on a weak type inequality
combined with the so called strong capacitary estimates.

Later on, A. Nagel and E. M. Stein [NS] introduced a new approach to the
study of tangential convergence. Given a function F(y,t), y € RV, t >0,
they defined weighted tangential maximal operators

M? ., JF(x)=sup{6"P1%|F(y, 61)|: (v, 1) € Q, :(x), 1 < I},
for which they proved
1M\ _apsn »Fllp < CIINF |,
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where C is independent of J. Since they also show, using special identities
for Bessel functions, that for f = J,F and U = P, * F,

Tyaf(x)<C (Mf(X)+§:2"(“‘N/”)M3fy,pU(X)) :
0

if ap < N one recovers the L? estimate for Ti_g,/n 1f .

Until now we have only considered regions with the maximum degree of
tangentiality, i.e., y = 1 —ap/N. When 1 —ap/N < y < 1, P. Ahern and
A. Nagel proved [AN] that if my = N —ap and u is a measure on a space of
homogeneous type such that u(B(x, r)) < Cr™, then

1M}, ,Fllpaw < CIINF|I5

(the general case in RV follows by dilation), and as a consequence they obtain
tangential convergence results with respect to the Q, ; with the exceptional sets
having now zero (N — ap)/y-Hausdorff measure for functions in W?:¢ or in
the Besov spaces B2°7? .

Tangential convergence has also been studied in the unit ball of C¥ [Go, Su]
and for other spaces of regular functions [Do]. In this paper we will consider
the situation in the setting of the spaces of homogeneous type, proving abstract
tangential convergence results for certain spaces of “regular” functions which
in the RM case contain the ones mentioned above, proceeding then to give
applications to functions on stratified nilpotent Lie groups and to solutions of
Dirichlet problems on Lipschitz domains.

More specifically, in §2, using the method in [Su], we prove a strong L?
estimate for weighted tangential maximal functions on spaces of homogeneous
type with respect to Hausdorff content, rather than singular measures, as was
the case in [AN and Su]. We thus avoid the need of a general Frostman lemma.

In §3 we define the classes C?:¢ of “regular” functions on spaces of homoge-
neous type by means of an abstract notion of local approximation by averaging
operators, and we prove strong L? estimates with respect to Hausdorff content
for tangential maximal functions of “Poisson integrals,” i.e., convolutions with
approximate identities of dilation type, of these functions.

We consider in §4 stratified nilpotent Lie groups and prove that the Sobolev
spaces associated to their Lie algebra are continuously imbedded in the spaces
CP-42 defined by means of suitable averaging operators. As a consequence, we
obtain in particular tangential convergence results for harmonic functions on
generalized half-spaces and on symmetric spaces, and for Cauchy-Szegé and
Poisson-Szego integrals on the Siegel domains lying “above” Heisenberg groups.

Section 5 is concerned with Dirichlet problems on Lipschitz domains with
boundary data in the Sobolev space W?-! for whose solutions we prove tan-
gential convergence except on an exceptional set of appropriate Hausdorff di-
mension. The results of §3 cannot be applied here directly, since in general
one lacks the necessary estimates for the Poisson kernel, and we make instead
use of the deep estimates for harmonic measure and the kernel function due to
Caffarelli, Dahlberg, Fabes, Jerison and Kenig among others (see [CFMS, Dal
and JK]). Although we will restrict our exposition to the Laplacian, the same
results also apply to more general second order elliptic operators in divergence
form.
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Finally, in §6 we discuss the situation when ap equals the homogeneous
dimension (when ap is strictly greater than the dimension, the spaces C?-¢
contain only, as it happens in the RV case, continuous functions), where we
will prove a weak type estimate for the tangential maximal operators. The
section ends with a brief discussion on nontangential convergence.

2. TANGENTIAL MAXIMAL FUNCTIONS

In this section we study certain tangential maximal operators Mg’y’ p on
spaces of homogeneous type. We prove a strong L? estimate with respect to
Hausdorff content (Theorem 2.1). This result is related to Theorem 4’ in [NS],
Theorem 6.1 and Lemma 6.2 in [AN], and Theorem 1.7 and Propositions 1.12
and 3.5 in [Su]. We shall follow the method of [Su] in order to prove Theorem
2.1. It may be interesting to notice that the argument of [NS and AN], based
on an atomic decomposition for tent spaces, does not seem to work here, the
difficulty being that we are dealing with Hausdorff content rather than with a
true measure.

We shall work in a space of homogeneous type (X, d, u) (see [CW] for more
information on these spaces). Thus, d is a quasidistance on X, i.e., it satisfies,
in addition to the other usual properties of a distance, a quasitriangle inequality
d(x, z) < K(d(x, y) +d(y, z)) with constant K > 1. We shall assume that
the Borel measure u is Q-homogeneous for some Q > 0. This means that,
writing |E| for the u-measure of the set E, we have

1B(x, )| =|{yeX:dy, x) <r}| =r°,

that is Cr¢ < |B(x, r)| < r¢/C for some constant C > 0 (here and in what
follows, C will stand for any absolute numerical constant whose concrete value
may vary on each appearance).

We recall now the definition of Hausdorff content H” , and Hausdorff mea-
sure H™ of dimension m, 0 <m < Q. For 0 < p < o, and E a subset of

X, write
HJ'(E) = inf{Zr{”: EcC UB(x,-, ri), ri < P} )
i i

and

H™(E) = supH'"(E) = lim H;,"(E) .
p>0 p—0

The following facts are easy consequences of the definitions:
m 2 (UE) <> HE
i=1
(2) HZ(B(x, r)=r";
H™(E)=0 1ifandonlyif HZ(E)=0.

In the upper half-space X x (0, co) we define the following “approach re-
gions” to the “boundary” X. For 0 <y <1, A>0 and x € X set

Q) 3(x) ={(y,r) €Xx(0,00):d(x,y) <(1+A)r7, r<1}.

Notice that for X = RV, the region Q; ;(x) is the usual nontangential cone
I;(x), whereas if 0 <y <1, Q, ;(x) is a tangential approach region at x,
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making contact of order 1/y. For general X we still use these two adjectives
although their geometrical meaning is no longer present. In what follows we
will assume A to be fixed once and for all. Associated to these regions we
define the nontangential and (weighted) tangential maximal functions of an
F:Xx (0, 00) = C as follows: for 6 >1, a>0, 0<p <oo,and x € X, set

NF(x)= sup [F(y,r)]

(v, neTi(x)
and
M, F(x)= sup &2Pr9F(y, dr)|.
(y,reQ, i(x)
ar<r?

We now have

Theorem 2.1. Assume 0<p<oo, 0>1,a>0,0<y<1,0<m<Q,and
m=(Q—ap)/y. Then

1/p
£ [ _
Ile,y,pFIIU(Hgg)dé (/0 HI({M. , ,F > 1} 'dt) < C|NF|p,

where the constant C is independent of 6 and || ||, stands for the LP norm
with respect to u.

Proof. Without loss of generality, assume F is nonnegative. Notice that

Mg,y,pF(x) = (Mgp,y,l(Fp)(x))]/pa

so it suffices to prove the theorem in the case p = 1. Setting 0* = §(m~Qv/(1-7) |
it is readily seen that 6r < r? implies §9r% < 6*, since m = (Q — a)/y. For
7>0 and a > 0 define

E(rt,a)={xeX: H(y,r)GQy,A(x),(Srgr’/,F(y,6r)>t,6Qr“>a};
then, E(7, o) is empty if a > §*.

The theorem will be an immediate consequence of the following two lem-
mas which relate the size of the sets E(7, o) to the distribution functions of

M,‘f’},,lF and NF.

Lemma 2.2. There exists an absolute constant D such that

&) 0o I'N
/ Ho'g({Mf,.,,lF>t})dt§D/ dr/ H™(E(z, a))da.
0 0 0

Proof. If M?, \F(x) >t > 0, then 69rF(y,ér) > t for some (y,r) €
Q, 1(x) with 6r <r”. Let j and k be integers so that

206* < 69r% < 216", 2K < F(y, or) < 2k+1,

in particular, j < —1. Then x € E(2k, 2/5*), 2k+12/+1§* > ¢ and thus, by
(1),

Hr((MS, \F>15)< Y HE(E@2%,2/5%).
2k+ig*>1/4
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Therefore,
2k+1+25a

/ HO((M? , F > 1})dt < Z Z/ H™(E(2k, 2/6*)) di

k=—00 j=—00

=4 Z 2k Z 2/6*HM(E(2%, 2/6™))

k=—o00  j=—o00
gD/ dt/ H™(E(t, a))da.
0 0
Lemma 2.3. There is a constant C depending only on the space X such that

/ H™(E(x, a))da < C|{NF > 1}].
0

Proof. Let & = {By} = {B(xy, ry)} be a Whitney decomposition (see [CW])
of N(t) = {NF > 1}, thatis, afamlly of balls in X verifying (i) N(t) = U Bk
(ii) the balls B, are h-disjoint, i.e., no point of X lies in more than 4 distinct
By ; (iii) B(xy, hry) is not contained in N(7). The constant 4 depends only
on the space X.

If x € E(t,a) there is some (y,r) € Q, ;(x) with dr < r’ so that
F(y,dr)>1 and 69r* > o. Then, B(y, ér) C N(1), so y € By for some k.
By (iii), there exists z € B(xy, hry) — N(7) (set difference); so, z ¢ B(y, dr)
and thus, by the triangle inequality,

or<d(z,y) <K(d(z, xx) +d(xx, ) <K(h+ Dre = h'ry.
Therefore
d(x, xx) < K(d(x, y) +d(y, xx)) < K(r" +ri)

<K<(h:s ) +rk> <G ((%’i)y+rk) ,

with C, = Kh' > K(h')?.

Write & as B'UR?, with B! = {By: r, < (r¢/6)’} and B2 = {By: ry >
(re/6)’}. Since a < 62r* < 69(h'r, /)%, it follows that, if we define B, =
B(xy, 2Cy(ry/8)?) for By € &' and B, = B(xy, 2Cyry) for By, € B?, we
have

E(t,a)C U B |vl U B
B,eB' B, €82
a<Cz§Q_arz

with C, = 4’2 > b2 and hence,

*

* )
[ HmEc andas [ 3 ¥ H2B) pdats 3 HEEB
0 0 B,eB' B>
a<C097r¢

<C Z JQ‘“r;:(rk/é)ym_,_C Z 5(m—Q)y/(1—y)an’
B,eB! Be@?
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by (2) and the definition of 6*. In the first sum, J@-(@+rm i+ — yQ for
a+ym= Q. In the second sum, 67 < r,~7,s0 §77/1=" < r; and

§=(@=mp/(1=1)pm < Q= ym

Thus

/ HZ(E(x, o) da < CY 1@ < C Y |By| < C{NF > 1}].
0 k k

3. TANGENTIAL BEHAVIOR OF REGULAR FUNCTIONS

We will define regular functions on the space of homogeneous type X in
terms of local approximation by certain averaging functions. More precisely, we
assume that for each ball B C X there is a linear operator Ag: L} (X) — C(X)
satisfying the following properties:

1. Mean dominance. There is a constant C such that for any f € L} (X),
for any ball B and all y € B,

45/ ()| < C 7{9 fldx,

where the right-hand side stands for [, |f|dx/|B| and we write dx instead of
du(x);

2. Coherence. If B' C B, then Ag (Agf) = Apf; in addition, we will assume
that for any constant A and any ball B, Ag(41) = A. Any such family will be
called a family of averaging operators and denoted by either 4 or {Ag}.

An obvious example is given by the means Ap(f) = f, fdx; when X = R?
and k € N, a second example is given by the family {4%} of the orthogo-
nal projections of L] (R?) into the space Py(B) of restrictions to the ball
B of polynomials of degree < k endowed with the inner product (¢, ) =
fp o(x)w(x)dx [DVS, p. 8].

Let A be a given family of averaging operators on X, and for a >0, x € X
and f € L} (X) define

f4(x) = £40x) = supe(B)™* £ 1S - Aafldy,
XEB B
where r(B) denotes the radius of B; if 1 < p < oo, we will denote by
C%*(X) = CP:* the space of those L? functions f such that f* , e L?,
endowed with the norm || f1l,.. = Ifll, + I/ %], .
Observe that if 1 < p < oo, and Apf = f5 fdx, CP-0 = LP, whereas
C>:9=BMO. Also, if 0 <a <1 and again Agf =, fdx,

Cy ¢ =Lip, = {f € L=: |f(x) - f)| < Crd(x, y)*}.

Finally, if X = R%, 1 < p < oo, a >0, k = [a] and 4 = {4k}, the
Sobolev spaces W?-2 and the Besov spaces B5'Y, 1 < g < p, are continuously
imbedded in C%'9(R?) [DVS, Chapter 7).

In what follows we will assume that the family A4 is fixed.
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Proposition 3.1. If f € C?%, 1 <r<p<Q/a and r* = Qr/(Q — ar), for any

ball B,
. /r 1/r
(/ If —AsfI dx) 5C</ |f:|'dx> .

B 2B

If p=Q/a and p' =p/(p—1), for some B, C andall fe€ CP-?,
3) / eBUI=4a /17 SxslsY g < C|B|.
B

Finally, if p > Q/a, f is continuous.

This is an easy consequence of the estimate
S0 = AafON<C [ diy, sz dz,
d(y,z)<Cr

which can be proved as in [Do, p. 676].
Now let ¢: [0, co) — [0, co) be a nonincreasing function such that

> 2k0p(2%) < 0
0
For x,y€ X, t>0,and fe€L?,set ®,(x,y)=1t"24(d(x, y)/t),

uum=Amummmw,

and
T, 2 f(x) =sup{lu(y, t)|: (v, t) € Q, 1(x)}.
The main result of this section is

Theorem 3.2. If 1 <p < Q/a, Q—ap<m < Q and y=(Q —ap)/m, then
”Ty,lf”U(Hg'o) < C||f||p,a,for all fe CP:% andall 1>0.

We observe that for X = RC, we recover the results of [NRS, NS and AN]
for Poisson integrals of Sobolev and Besov functions.

This theorem will be an easy consequence of the following two lemmas. Re-
call that the tangential maximal operator M? .y.p Wwas defined in §2; we shall

write MY , , for Mfk}, ,- Mf denotes the Hardy-Littlewood maximal func-
tion of f.

Lemma 3.3. Set F(y,t) fB(y [)f (z)dz; then

T, 1f(x) < C(Mf(x +Ezk<a oMk F(x)).

Lemma 3.4. If fe€ C?% and Q—ap<m < Q, then |Mfllum) < Clfllp.a-

Taking these two lemmas for granted, we finish now the proof of Theorem
3.2. Setting 4 = Y (°2k@-0/)/2 we have {Y°2k@-0/MMk F > 1} C
Ureo{Mf , ,F > 1/A2%@=0Q/P)/2} "and using the subadditivity of H, Lemma
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3.3, Lemma 3.4 and Theorem 2.1, we obtain, as we wanted to show, that
[ HET, > et
0

< C/oo HM({Mf > t)P~ ' dt
0

+ CZ/O Ho’g({M:’%pF > t/Azk(a—Q/p)/z})tp_] it
0

< CIIfIB o+ CY  2krla=QIDR N2
0

< ClIAG.as

where the last inequality is a consequence of the Hardy-Littlewood maximal
theorem.
We prove finally Lemmas 3.3 and 3.4.

Proof of Lemma 3.3. Assume (y,t) issuchthat t<1 and d(x,y)<t'=T,
and set B* = B(y, 27); then

wroois | [+ e 2z

=u(y, ) +uy,t).

If d(y, z) > 2T, then d(x, z) < 3Kd(y, z)/2 and, as a consequence,
®,(y, z) < t794(2d(x, z)/3Kt), which under the assumptions on ¢ implies
by well-known arguments

(@) Wy, 1) <172 /X $(d(x. 2)/C)|f(2)|dz < CMf(x).
To deal with u,(y,t),if B'=B(y,t),let By=B'C B, C---C By = B*

be a sequence of balls with B; = B(y, 2't) and set Ry = By, R, = B, — B;_,,
1 <i< N. Then,

N N
e, )<Y [ If@I8Ew. /0dz=Y v, 0.
0 R 0

Since x € By and #(d(y, z)/t) ~ #(2') on R;, using the coherence and
mean dominance properties and the definition of f*, we estimate each v; as

vi(y, 1) < t"Q¢(2')/ [If A, f|+Z|ABf Ap;_ 1f|+|Aan|]

i+1

< C29¢(2") [Z(zjt)a][ fi(z)dz+ Mf(x)}
i B,

oo

< C299(2") (Mf(X) +ZZ"“_Q/”)MJ,y,pF(x)) ;

i
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and, therefore,
u (v, 1) < CY 219427 (Mf (x)+ ) 2/ p] ,y,pF(x))
0 ;

SCMf(x)+CY 2/@ePpM]  F(x),
0

which together with (4) gives the desired estimate for u.

Proof of Lemma 3.4. Set M, f(x) = sup{fz|fldz: x € B, 1(B) < 1}, M,f(x)
= sup{fz|fldz: x € B,1(B) > 1}. If {By} = {B(xx, rc)} is a Whitney
decomposition of {M,f > t}, arguing as in the proof of Lemma 2.3, we see
that {M,f >t} c U{B(xk, Cry): ry > 1} and, therefore,

H({Myf > 1)) <CY i < CY rg < C{Mf > 1}].
re>1

Thus, |M2fllLog) < CllM2fllp < Cllflp -

Next, if x € B(y,r), r<1 and By=B(y,r)C B, C---C By=B(y,1)
is a sequence of balls with B; = B(y, 2'r), arguing as in the estimate for the
v; above, we obtain

B(y,1)

N
f f@lazscy @i rizdzecd 1fE)dz.
B(y,r) 0 B;

Choosing now b < a such that y = (Q — bp)/m < 1, it follows that (y, 2/r) €
Q, i(x) for 0 < j < N and, thus, with F asin Lemma 3.3 and writing M, , ,
for M} , ,

N
f £(2)|dz < C S @Ins-dQ2InPF(y, 2ir) + CMyf(x)
B(y,r) 0

N

<C (Z(zfr)“-b> My, ,F(x)+ CM,f(x)
0

< C(Mb,y,pF(x) + MZf(x))§

the desired result follows now from Theorem 2.1.

4. TANGENTIAL CONVERGENCE ON STRATIFIED NILPOTENT LIE GROUPS

Let N be a simply connected nilpotent Lie group, with identity denoted by
0, and Lie algebra n, such that

nle@...@Vm

with the property [Vi, V] = Vjs1, 1 < j < m, [V1, V] = {0} (we refer
to [FoS2, Chapter 1] for unexplained concepts or notation); the exponential
exp: n — N is then a diffeomorphism which takes Lebesgue measure in n into
bi-invariant Haar measure dx in N. We will assume the existence in n of
a family of dilations {J,},»0 and denote by rn the induced dilations rn =
exp(d,(exp~!(n))) on N; we will also assume the existence of a homogeneous
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norm on N, thatis, a function | - |: N — [0, co) such that |n| = 0 if and only
if n=0, |n7!| = |n| and |rn| = r|n|. It then follows that there is a number
K > 1 such that forall n, u € N, |nu| < K(|n|+|u|) and, therefore, d(n, u) =
|n='u| defines a quasidistance on N whose balls B(n, r) = {u: d(n, u) < r}
satisfy |B(n, r)| = cr¢ where ¢ is the Haar measure of the unit ball, and
0= Z;.":] jdimV; is the homogeneous dimension of N. Fix a basis of left
invariant vector fields {X;, ..., X, , Xn,41, ..., Xn,, ..., Xp,} insuch a way
that {X,,_,+1,..., Xn,} forms a basis for V; and let {&;,..., &}, n=n,,
be its dual basis. We say that P: N — C is a polynomial if Poexp is a
polynomial on n; setting 7, = & oexp~!, the functions {7, ..., n,} form
a global coordinate system on N, and any polynomial P can be written as
P=Yan', where I = (iy,...,i,) € N°, o/ =n,...,ny and all but
finitely many of the a; are 0. Setting d; =i for n,_; +1 < j < n; and
d(I) = dyi; + --- + dni,, the homogeneous degree of such a polynomial P is
deg(P) = max{d(I): a; # 0}. The set P, of polynomials of homogeneous
degree < k is invariant under dilations and under left and right translations
[FoS2, p. 23].

We will denote by Y, ..., Y, the right invariant vector fields in N such
that X;lo = Yilo, and set X/ = X{'--- X;» , Y/ = Y/'-.. Y, and (8/0n)" =
ol /ony ---8"/0 ni», where the 0/0#; are the partial derivatives with respect
to the global coordinates #;. The powers X! and (0/97)! are related by

X'f= E Py@/on)’ f, (8/on)' f = E onuXx’'f,
|JI<IT) [JI<H)
d(J)>d(I) d(J)>d(I)

where Py, Q;; are homogeneous polynomials of degree d(J) — d(I) [FoS2,
p. 25], and similar formulas hold for Y!. As a consequence if P € P, then
its derivatives X/P, Y!P € Py_y) for d(I) < k and they are equal to O if
d(I) > k. Conversely, if f € C* and either X/f =0 or Y/f =0 forall I
with d(I) = k, it follows from the stratified Taylor inequality [FoS2, p. 34]
that f €Pr_;.

If Bisaballin N, k € N and f € L}, let 4%/ be the orthogonal
projection of f into the vector space P, (B) of restrictions to B of polynomials
of degree < k endowed with the inner product (¢, w) = |B|~! [, ¢w . We have

Proposition 4.1. For each k, A* = {4k} is a family of averaging operators.
Moreover, for any ball B,

s J =i~ jog [1r-pi

Proof. The linearity and coherence properties are obvious. An easy homogene-
ity argument yields, for |u| < I,

Al nlf o Lyorl(u) = Ay, , f(nru),

where L, denotes left translation by #; thus the mean dominance for the
ball B(n, r) reduces to that for B(0, 1), which follows by writing A’fno, 1 f in
terms of an orthonormal basis of P,(B(0, 1)). Finally, estimate (5) is an easy
consequence of the coherence and mean dominance properties.
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Given a > 0 and k = [a] we will denote by C?-¢ the space C§'“. For
1 <p<oo and k € N we consider the Sobolev spaces

Wrk={felLP: X'feLP ford(I) < k}
with the norm || f{[w»r.« = 3 4y<k | X? ||, . The main result of this section is

Theorem 4.2. If 1 < p < oo, k € N and f € WP-k, then f € C?-*k and
1f1lp, & < Cllf Mo -

Since C§° is dense in WP [Fol, p. 187] we have

Corollary 4.3. If Q—kp <m < Q,y = (Q - kp)/m, f € WPk _&(r) and
u(n, t) are as in Theorem 3.2 and we assume [$(|n|)dn = 1, then u(n,t)
tends to f(n) inside Q, ,(n) for H"™-a.e. n€ N and all 1> 0.

We remark that these two results also hold for the more general Bessel po-
tential spaces J,(L?) of G. B. Folland (see their definition below).

Before continuing, we shall give three specific examples on tangential con-
vergence for harmonic and holomorphic functions that follow directly from
the Corollary 4.3. All three involve the class &# [FoS2, p. 253] of those
¢ € C*°(N) such that ®(n, t) = t~2¢p(n/t) for t # 0, and ®(n,0) = 0 for
n # 0, defines a C* function on N x [0, co) — {(0, 0)}. Such a ¢ satisfies
|#(n)] < C/(1+|n|2*") [FoS2, p. 255] and the preceding tangential convergence
results apply to

un,t) = (f+x®(-, 1))(n) = /f(nu")d>(u, t)du.

Example 1. Our first and more general example deals with the Poisson ker-
nel P(n,t) associated to the sublaplacian % = 37| X?. For any bounded
continuous function f defined on N, the solution to the Dirichlet problem
(& +082/0)Yu=0, u(n, 0) = f(n) is given (cf. [Fo2]) by

u(n: t) = [f* P('s t)](n),
where P(n,t) = t=2p(n/t) is the Poisson kernel for N and p € % .

Example 2. Let X = G/K be a rank one symmetric space of noncompact type,
where G = K AN is the Iwasawa decomposition of the semisimple Lie group G
and let N be the image of N under the Cartan involution. The nilpotent Lie
groups N and N are either step one or step two nilpotent (see [He, Chapter
IX] for details). Choose a vector H in the Lie algebra of 4 such that rn =
exp(tH)nexp(—tH), where ¢ = log(1/r), defines a family of dilations in N.

If n=V&V, and {X,,..., X,} is a basis of V| and {Y,,..., Yq}_is a
basis of V5> (when needed), for each n = exp{}% x;X; + Y7y,;Y;} in N we
take as coordinates (x,y) = (x1,..., Xp, V1, ..., ) and as homogeneous

norm |n| = (16|y|> + |x|*)!/4. If Ax denotes the Laplace-Beltrami operator
on X, for any bounded continuous function f on N, the solution to the
Dirichlet problem Axu = 0 in X, ulg = f, is given by u(nexp(tH)K) =
[ f(nu="r=2¢(r~'u)du, where now Q = p + 2g and

d(n) = CI(1 +c|x?)2 +4cly1 e % .
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Example 3 (the Siegel domains). Let
D={z= (2, zy41): 2 €C", zy41 €C, h(z) =Imz,,; — |Z'|* > 0}

and let 0D be its boundary. We identify 9D with the Heisenberg group H
that can be parametrized by C" x R with the operation (z’, t)(w’, s) = (z' +
w’, t+ s+ 2z -w'). The group H is step two nilpotent with dilations defined
by r(z’, t) = (rz', r*t) and its homogeneous norm is |(z’, 1)| = (£ + |2'|*)"/4.
For f bounded and continuous on H the solution to the Dirichlet problem
Apu =0, u|sgp = f is given by the function

Pf(Z,t+i(t+]2')) /f P (w)dw,

where P (w) =1"2P(t"'w), Q =2n+2 and
PZ, O)=c/(P+(1+|Z)H)* eR.

We also consider the Cauchy-Szego kernel in D :
S(z, w) =c(i(Wny1 — Zngp1) — 22" - wW)™" (zeD,weadD).

If feLP(H), 1 <p < oo, the holomorphic function defined by the Cauchy-
Szego integral F(z) = [;S(z,w)f(w)dw can be expressed as F(z) =
P(% f+S8f)(z) [KV, p. 618] where S is a principal value distribution and,
hence, bounded in W?-¥ [FoS1, p. 455]. Therefore, tangential convergence is
also obtained for Cauchy-Szego integrals of Sobolev functions.

Before sketching the proof of Theorem 4.2 we first recall Folland’s definition
of Bessel potentials on the group N [Fol]. Let A(n,t),n € N, t > 0 be the
heat kernel associated to the heat operator 9/9¢— ;' X? and, for a >0, set

]

— 1 * a2 ,—t
Jo(n) = F(a/2)/0 t““e "h(n, t)dt/t.
The following lemma gives the behavior of J,(n) for |n| near O or oco.
Lemma 44. If a< Q and n #0 then
| X! Ja(n)| < Cln|?=2740) (I e N");
moreover, for all k € N, there exists C = Cy , such that
lXIJa I < C|’1| Q—-d(I)—- 2k
Proof. Differentiating under the integral sign the expression defining J,
and taking into account that for all k and I the inequality |9} X h(n, t)| <
C(Vt+ |n|)~2-4D=2k holds [FoS2], we obtain
2

[n] dt
|X! T,(n)| < c|,,|—Q—d<1>/ g1t
0

00
+C I(G—Q—d(’))/ze—’ﬂ
[n]2 t

< Clnj#=274D

Next, since for n # 0 the function X’h(n,t) vanishes to infinite order at
t = 0, Taylor’s theorem yields |X/h(n, t)] < Ct¥|n|~2-4()=2k for all k, and
the second estimate also follows by differentiating under the integral sign.
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Our interest in the Bessel kernels is due to the fact that W?-*k = J, LP (cf.
[Fol, p. 191]). Since J,(C?-9) is continuously imbedded in C?-%+? (see Propo-
sition 4.5 below), we have that W?-k = J (LP) = J,(CP-%) c CP-*, and then
Theorem 4.2 follows.

Proposition 4.5. If f € CP4%, a > 0, then (be)§+b < Cf* and therefore
“be"a+b,p < "f”a,l’ .

Proof. We simply sketch the argument. We assume b < Q (the general case will
follow from the semigroup property of Bessel potentials, cf. [Fol, p. 183]). We
fix neN and r > 0, and set k = [a], and / = [a+b], where [-] denotes as be-
fore the integral part function. Let B = B(n, r) and B’ = B(n, 2KAr), where
A and K denote the constant in the stratified left Taylor inequality (cf. [FoS2,
p. 35]) and the constant in the quasidistance inequality for N respectively. Let
P=4kf and

0w =P sy + [ (1) = PO)TLr, Jn™w) v

= Q1(u) + Q2(u),
where Tlf _1,(*) = T(-) stands for the degree / left Taylor polynomial of J, at

the point v~!'n € N. By Lemma 4.4, Q, is well defined and since d(I) = k +1
implies Y/Q, = (Y'P) x J, = 0, we get Q; € P, . On the other hand,

T(n~'u)= Y c(8/0m)' T(O)n(n~"u)’
d(D<!

=S4 Y G X TO) pnntuy!

dih<t | JI<l]]
\d(J)=d(])

4

=Y ¢ Y as X Bw ' n)pn(nT )
d(n<! [J1<11]
Ld())=d(1)

which, again by Lemma 4.4, implies that Q, is well defined and belongs to P; .
Now

]ﬁ'be‘Q“iu < ]{9 (/B |f(v) —P(v)lJb(v“u)dv> du
+f ([ 170 = Pl - Tl dv) du

=1+ ][ (u)du,
B

and arguing as in [Do, p. 675], it follows that both I and II(x) are bounded by
Cra+b f#(n), which implies the desired result.

5. HARMONIC FUNCTIONS IN LIPSCHITZ DOMAINS

A bounded domain D ¢ RM*! is called a Lipschitz domain if for each
Q € 3D there is a ball B = B(Q, po), a coordinate system (x, Xy41) =
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(X1, ..., XN41) isometric to the usual one in RV*! and a function ¢ with
IVolloo < m such that B N D = {(x, xy4+1): Xny+1 > ¢(x)} N D. We shall
assume the constants py and m to be the same for all Q € 9D and set
®(x)=(x, ¢(x)) and A(Q,r)=B(Q,r)NadD.

Let us briefly discuss Dirichlet’s problem in Lipschitz domains (see [Dal or
JK] for more details). If f is continuous on 0D, the function u € C?(D) N
C(D) such that Au=0 on D, u= f on 9D is given by

u(X)= [ f(Q)dw*(Q),
oD

where dw* denotes harmonic measure with respect to D and X . By Harnack’s
inequality, for all X, Y € D, dwX « dwY ; therefore, fixing a point X, € D
and setting dw = dw’ , it follows that for X € D and Q € D, dwX(Q) =
K(X, Q)dw(Q).

K(X, Q) is called the kernel function of D, and it has [JK, Lemma 4.14]
the following property: there is a sequence {c;} with 3 (°¢; < oo verifying that
forany Qy€ 0D andany r, 0 <r < pg, apoint A = A4,(Qy) can be found in
D with |4 — Qp| ~ r such that setting Ag = A(Qo, r) = Ry, Aj = A(Qo, 2'r),
and R; =A; —Aj_, then forall Q € R;,

(6) K(4, Q) <cj/w(4,)).

Furthermore, dw and surface measure do are also mutually absolutely con-
tinuous and, for a certain g > 1, the Radon-Nikodym derivative k = dw/do
verifies the following reverse Holder condition [Dal, Theorem 3]: for every
AcédD,

(7 (][I;k" da)l/q < C]ﬁkda;

q can always be taken > 2 for general Lipschitz domains, and for C! domains
(7) holds for all g < c©.

We will also need the following quantitative form of the already mentioned
Harnack’s inequality [JK, p. 93]: if X;, X, € D verify

§ = d(X,) = dist(X,, D) ~ §(X3)

and | X, —X5| < 4, then, for any positive harmonic function u, u(X;) ~ u(X3).

We introduce now Sobolev spaces W?:1(9D). Fix first a finite family {B/ =
B(Qi, po)} such that 0D = |JA}, with A} = A(Q;, po/4M), M =1+ m?,
and denote the corresponding coordinate functions as ¢,, ®;; then f will be
in Wr-1(9D) if and only if f € L?(do) and for each i, fi(x) = f(®Pi(x)) €
WP’1(<I>,."(A§)) , where A} = B; N 9D (the Lipschitz character of 9D makes
the definition independent of the choice of the Bj). We also define C?-!(0D)
as the space of those f € L?(do) such that f# € L?(dg), where

£4(Qo) = sup r(a)~! f 1£(Q) - fulda(Q),
Qo€A A

with fp = §, f. We have
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Lemma 5.1. If fe WPl 1 <p< oo, then f%€ LP(do).

Proof. Let Qo € A(Q,r) = A; we will assume that r(A) < po/4M , since
for r > po/aM, r=' §,|f — faldo < CMf(Qo), with M denoting Hardy-
Littlewood’s maximal operator with respect to surface measure. If Qp € A7,
then ®~'(A) ¢ & = B(®;'(Q), r) Cc ®7'(A!) c RY and, therefore, setting
f# = {4 fi(p)dp , Poincaré’s inequality in RV gives us

][If—fA!dU < C][If—fglda
A A
<cC ]{@ 1fi(p) - fia|dp < CrE(Qo)

where Fi(Qo) = sub{fg(, , IV/i(p)|dp: Qo — @i(q)] < t < po/4M} . Clearly
Fie LP(A}, do), and since f¥ < CY F;, we obtaln ftelLrdo).

We observe that since [DVS, Chapter 5] |V fi(p)| < (fi)¥(p) < fH(Di(p)),
then 3" F; < CM(f*%), and as a consequence, C?*! = W?-! and

M
Y Vil = 1 3l
1

For A>1,0<y<1,set Q, ;(Qo) ={X € D: [X-Qo| < (1+4)d(X)"}. We
have the following result on tangential convergence of solutions of the Dirichlet
problem with Sobolev functions as boundary data.

Theorem 5.2. Let D be a Lipschitz domain for which k = dw/dao satisfies a
reverse Holder condition with exponent q . If f € WP-1(dD), p< N, q¢' <p* =
Np/(N-p) and 1-p/N <y <1, then u(X) = [ f(Q)dw*(Q) tendsto f(Qo)
as X tends to Qp inside Q, 1(Qo) for H™-a.a. Qy € 8D, m = (N - p)/y,
andall 2> 0.

Proof. Assume X € D is such that |[X — Qo] < 6? = (X)) < 1,set T =47
and fix Qx € D with | X —Qx|=6. If A* = A(Qx,zT) , A= As(Qx) and
= [1f(Q)|dw*(Q), the above form of Harnack’s inequality gives

wniscu=c ([ +[  )ifQik, Qdw©
= CU(A) + x(A)).

Arguing as in [CFMS, Theorem 4.3] we obtain U,(4) < CM,f(Qp), with
M, f(Q) = sup{, fdw/w(A): Q € A}. Now, by the well-known self-improving
property of reverse Holder conditions, k does satisfy a condition with exponent
r > q and, therefore, M,,f < C(M|f|")"/"" , where we have now r’ < p*. Us-
ing Proposition 3.1 we conclude that U>(A4) < CM f(Qop) + C(Ml‘ ».p(F)(Q0)),
with F(y, 1) = (f, IS and s—Nr’/(N+r)<p

To deal wnth Ul( ) let Ag =A(Qx,d) CA C---C Ay = A* be a sequence
of surface balls as in the proof of Lemma 3.4 and set Rg =Ag, R, = A, — A,
Using estimate (6) and the reverse Holder condition and arguing as in that
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lemma, we have for v;(4) = [, |f(Q)IK(4, Q)k(Q)da(Q),

< 5o ([ 110 - hlk)do©)
+e ( ][lf mda)+c,MfQo
j=i+1

1/r
¢y (i\ - Al da) + M f(Qo)
J=t /

IN

M A 1/s
<cy 26 (]ZA (fﬁ‘fda) +ciM f(Qo).

J=i J
where the last inequality follows again from Proposition 3.1 with
s=Nr'/(N+r')<p.
Thus, with F(Q, t) as before, we obtain the estimate

lu(X)| < CM f(Qo) +C22’“ NooMm | F(Qo),
which, arguing as in Theorem 3.2 yields the strong-type inequality

/ HO({T, of > thr=" de < CIAIP

with T, 1 f(Q) = sup{|u(X)|: X € Q, ;(Q)}. A well-known density argument
completes the proof.

We finally remark that the above arguments rely only on the estimate (6)
for the kernel function, the reverse Holder condition (7) and the quantitative
version of Harnack inequality stated at the beginning of this section. These
three properties are satisfied not only by the Laplacian but also by more general
second order elliptic operators in divergence form (see [FJK, Da2]) and the
results of this section hold for these operators too. There are corresponding
results for higher order Sobolev spaces W?:! in Ck domains, / < k, as well.

6. FURTHER RESULTS

We will discuss in this section tangential convergence for functions in C?-¢
when ap = Q and also nontangential convergence for general a, p.

In the first case we will prove a weak-type inequality for the tangential maxi-
mal operators associated with certain exponential regions. More precisely, with
X a space of homogeneous type as in §2, set for x € X,

8, .(x) = {(r, 1):d(x,y) < (1+4)/(log1/0)'/7},

let ¢, ® and u be functions of the type considered in §3, and consider the
operator

E, i f(x)=sup{lu(y, )|: (¥, 1) €0, 1(x)};

we have
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Theorem 6.1. If f € C?-2/P(X) and 0 <y < Qp'/p, then, forall >0,

HZP ({Ey 1f > 1)) < CUIfllp, 01p/ 1" -
A similar result holds for functions in W¥-1(dD) with D c R¥*! a bounded
Lipschitz domain: setting
6,1 Qo {X €D:|X - Qol < (1+2)/(log1/6(X))"/"},
we have for u(X) = [ f(Q)dw*(Q) and

E, 3f(Qo) = sup{|u(X)|: X € 8, 1(Qo)},
Theorem 6.2. If f € WN-1(0D) and 0 <y < N', then, forall 2> 0,

HZYN'(Ey f > 1)) < C((If v + 1L 5 Iw) /0N

The proof is similar in both cases and, being slightly more complicated, we
will only give that of Theorem 6.2.

Proof of Theorem 6.2. Since D is Lipschitz we can assume that harmonic mea-
sure dw = dwXo with respect to the fixed point X, satisfies a reverse Holder
condition with exponent 2. ,

Let us consider the function ®(7) = " /2 — 1, with B the constant of
estimate (3) in Proposition 3.1 and N’ = N/(N — 1). Denoting by ¥ its
complementary Young function [Z, p. 16], then, for some constant C, ¥(s) <
Cs(1 +logt s)!/N' =W/(s).

Assume Qg € 0D, X € D and |X — Qo| < (1 + A)/log(1/6(X)/* = p;
if 6 =d(X) < 1/10 and Qx € D is such that |X — Qx| = J, then Qp €
A(Qx , 2p) = A*, and setting 4 = A5(Qx), we have as in the proof of Theorem

5.2,
wiscpaisc ([ + - Jiroldeto
< CMaf(Q0)+C [ 1(Q) = fur der*(Q) + M1 (Q0)

< COLLQ' +C [ 1(Q) = fiel der*(Q)

= C(Mf2(Qo)'*+CV(A).

Set now F(Q) = |f(Q)— fa-|/IIf ¥ xa-||n ; then, by Holder’s inequality for the
pair ®, ¥ [Z, p. 175],

V(4) = o(A)f Tl / FQK(4, 0)2AQ)

w(A*)

< oA fxa- INIK (A, )l doio)/wne)
(. e#rer k@) do@)) (a1 wia)
A‘
< Co(A)fTxa INIK(A, llw, dw0)/war)

) (]ﬁ AIFOI dO’(Q))Uz (]ﬁ 2 da)l/z(lAl*/w(A*))

< CoA)f T xa-INIK(A, )y, de)jwar) »
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the last estimate being a consequence of the second part of Proposition 3.1 and
the reverse Holder condition satisfied by & .
We estimate ||K (4, *)llw, dw(0)/w(a) - Set A =A(Qx, d) and

T = co(log(e/w(A)'/N' Jw(A*),

with ¢y > 1 to be fixed later. Since w(A’) < 1 for all surface balls, we have
T > 1; also, k verifies for some p Muckenhoupt’s 4, condition [CF],

() () s

and, therefore, 1/w(A’) < C/|A'|? ; thus, T < C(log1/8)"' /w(A*) . By estimate
(6) we have K(A Q) <c/w(A) < C6~N for all Q € A*, which implies

w(A* / Y(K(A, Q)/T)dw(Q)

Cy [ K(4,0Q) K4, 0\
< ) /A‘ T (1 + log ——) dw(Q)

C K(4, Q) e \'V
S @9 /A T <1°g5(?)> de(0)

<& [ K(4,0)dw(0) < <<

1] Co
for an appropriate ¢y . Smce [Z, p. 173],

lehy ooy = inf {12 [ ¥(g/o)dwfornr) < ¥},

it follows that ||K(A4, *)lly.dw(0)wa) < T < C(log1/8)"/V' /w(A*). As a con-
sequence,

1/N
Vi) < Coltog1/5)™ (1) do)

< CplV (][ f’r(Q)Nda)W

< C(My—yiw (SHN Qo))

where M,g(Q) = suppear(A)® f, |g|ldo . To deal with (M f2)!/2(Q), arguing
as in the proof of Theorem 5.2, we see that

(M f2)*(Qo) < CM f(Qo) + C(My_ynwe (SN (Qo))'Y
for all y with 0 < y < N’. Also, small modifications in the proof of Lemma

3.4 yield that
M f(Qo) < C(My—_ynyn (fHN(Qo))'
for the same y. Since for f € L' and 0 < a < N it holds that
HE*({M,g > t}) < Cliglh/t,

the desired weak-type inequality follows.

As mentioned in the introduction, in the X = R" case Theorem 6.1 can
be improved to a strong-type inequality using the so-called strong capacitary
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estimates [NRS] (see also [Do]) and the same techniques can be used to show
for Lipschitz domains D that, if f€ W¥-1(9D) and 0 <y < N’,

/ T HNN (GE, of > )NV de < C(1 Iy + 170"

However, it is not clear how to extend these methods to the case of a general
space of homogeneous type.

We finally mention nontangential convergence results. In the situation of §3,
setting

Tof (x) = sup{lu(y, 1)|: d(x, y) < (1 + A)t},

we clearly have T;f < T, ;f for all y < 1 and, therefore, || T,fl|rosm) <
Clfllp,a for Q—ap < m < Q. Since the Sobolev spaces of §§4 and 5 have all
dense subsets of continuous functions, it follows that nontangential convergence
holds for them except on an exceptional set of zero Hausdorff H™-measure for
all m > Q —ap and m > N — p, respectively (i.e., of Hausdorff dimensions
Q—ap and N —p).

However, using the results of §3, these dimensional estimates can be im-
proved: in fact, the exceptional set has zero C,,, capacity, where

Ca,p(K)=inf{||F||5: F>0, d(x,y)”"QF(J/)dnyK}

d(x,y)<1
is the analogue in this setting of the well-known Bessel capacities (we omit the
details; the R” result is classical and see [AC] for the unit ball in C").
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